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INTRODUCTION 
In some recent works, various authors have extended many results 
already known in the literature and concerning the topological properties 
of the range of countably additive measures (c.a.m.‘s) to the case of finitely 
additive measures (f.a.m.‘s). 
In [18], the following theorem has been proved: the range of a con- 
tinuous f.a.m. whose target is R,, + is a closed interval. Therefore, in the case 
of R,f-valued f.a.m.3, everything works exactly as in the countably additive 
case. 
In [4] and [S], instead, the problem of establishing analogies and dif- 
ferences which arise in moving from the countably additive case to the 
finitely additive one when the set function takes its values in R” or, more 
generally, in a Banach space, has been investigated. In particular the 
authors showed that, while LiapounoII’s classical theorems have to be 
weakened in the finite-dimensional case (“the range of a continuous W- 
valued f.a.m. is convex though not compact in general”), in the inlinite- 
dimenional case all the classical results can be obtained again: I refer to 
[S J for the discussion and the related references. 
The aim of this paper is the investigation of the topological properties of 
the range of an f.a.m. with values in a topological group. In many recent 
papers [6, 10, 14, 191 several results have been obtained in the countably 
additive case. This paper tries to extend them to a weaker case. The 
procedures used in [S] for a Banach-space-valued f.a.m. are founded on a 
well-known Stone-type extension technique which enables us to generate a 
c.a.m. from a finitely additive one. Moreover such procedures make use of 
the density of the range of the f.a.m. in the range of its countably additive 
extension measure. 
Similar extension procedures may also be carried out in the case of 
topological group-valued set functions, but they are not as useful for the 
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range properties in this case as in the vector one. Even though a 
straightforward proof seems to be far smoother for the present aim, the 
author thought it was interesting to sketch briefly the extension techniques 
in Section 3 (Remark 3.9). 
Another kind of research which concerns group-valued f.a.m.‘s and which 
has recently been developed is that of deducing decomposition theorems: 
we refer, for example, to Traynor’s [21] and D’Andrea’s and De Lucia’s 
[7] works. Although these results have not been used in this paper, in the 
author’s opinion they could give useful information in this case, and 
perhaps they could be used to obtain further characterizations of the range. 
After giving the preliminaries in Section 1, in Section 2 I extend a 
theorem due to Landers [IO] concerning arcwise connectedness of the 
range of dominated f.a.m.‘s. In Section 3 I give an extension of a theorem 
due to Musial [ 141 and of a theorem due to Lew [ 111, under a further 
hypothesis which, as is proved by an example, cannot be deleted. Next, as 
mentioned above, I outline the techniques used to extend an f,a.m. by 
which a Musial-type theorem is obtained again, but this time under 
stronger hypotheses, shown to be necessary via an example. In Section 4 
the relationships between the different definitions of continuity of an f.a.m. 
are investigated: indeed, while in the scalar case continuity can be defined 
through different equivalent definitions, in the vector case such equivalence 
does fail. One of the two definitions considered here (semiconvexity) is 
stronger than the other in the vector case. Moving to the topological 
groups I show that even this kind of relationship fails, and I give examples 
of semiconvex f.a.m.‘s which are not continuous, and of continuous f.a.m.‘s 
which are not semiconvex. Therefore, in Section 5 I give the extensions of a 
theorem due to Constantinescu [6] concerning arcwise connectedness of 
the range of a non-atomic c.a.m., both for continuous f.a.m.‘s and for 
semiconvex f.a.m.‘s. 
1. PRELIMINARY REMARKS 
Let Q be any abstact set, a a a-algebra of subsets on 52, (G, +, r) a 
commutative topological Hausdorff group and m: LE -+ (G, +, z) a set 
function. 
1.1. DEFINITION. A set-function m: a -+ (G, +, z) is called a finite/y 
additive measure (f.a.m.) if the following conditions are satisfied: 
m(QI)=O (1) 
m(A u B) = m(A) + m(B) VA,Be01, AnB=@. (2) 
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When condition (2) holds for countable unions of pairwise-disjoint sets of 
6X also, then m is called countably additive measure (c.a.m.). 
1.2. DEFINITION. A set function m: a + lR2 is called a sub-measure if 
(1) and the following conditions hold: 
m(A u B) d m(A) + m(B) VA,Bcol, AnB=@ (3) 
m(A) <m(B) if A,BeGl, AGB. (4) 
1.3. DEFINTION. Let us define a submeasure A: 6l? + rW,i to be continuous 
when VA E a, there exists A,,2 E 6X, Al,* c A such that 
A(A,,,) = I(A -A,,,) = #A). (5) 
1.4. DEFINITION. An f.a.m. m: 6Z + G satisfies the countable chain con- 
dition (c.c.c.) when m admits at most countable families of pairwise-disjoint 
non-null sets. 
1.5. DEFINITION. A set function m: a + G is strongly bounded (s-boun- 
ded) when for any sequence (A,), of pairwise-disjoint sets of 6X, we have 
lim m(A,) = 0. (6) n-m 
We remember that any c.a.m. is s-bounded. 
2. ARCWISE CONNECTEDNESS OF THE RANGE OF DOMINATED MEASURES 
In this section we shall extend a theorem due to Landers [lo] to group- 
valued f.a.m.‘s. 
2.1. DEFINITION. We shall say that a submeasure 1: a -+ rW,+ dominates 
an f.a.m. m: 0Z -+ G if lim, _ m m(A,) = 0 whenever lim, _ ~ (A,) = 0. 
2.2. THEOREM. Let m: P(Q) + G be an f.a.m., and 1,: .9’(Q) + rW,+ a con- 
tinuous submeasure dominating m. Then the range of m, R(m) is arcwise con- 
nected. 
Proof: As is well known [4], 9(a), as a topological space with respect 
to the pseudometric 
d,(A, B)=~(A-B)+~(B-A) (7) 
is arcwise connected. 
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Given a sequence (A,),, converging with respect to d, to a set A (i.e., 
such that lim,,, ~- d,(A,, A) = 0), being: 
E,(A,,dA)>i[I(A,,-A)+i(A-A,,)] (81 
having 
lim A(A,,dA)=O 
rr - J 
we get the following relationships: 
(9) 
and 
hm ;,(A,-A)=0 
,, + n 
lim A(A - A,) = 0. 
II + SC 
Therefore, m being dominated by i, it follows that 
lim m(A,,-A)=0 
I, + a 
and 
lim m(A-A,l)=O. 
n - cc 
Moreover we have 
(10) 
(11) 
(12) 
(13) 
m(A)-m(A,)=m(A-A,,)-m(A,-A) (14) 
so that 
lim [m(A)-m(A,)]= lim [m(A-A,)-m(A,-A)]=O. 
n-z n-m 
This last limit implies 
(15) 
lim m(A,) = m(A). 
n-tee 
(16) 
Finally we conclude that m: (P(Q), d,) -+ G is continuous as a map 
between topological spaces, therefore R(m) is arcwise connected. 
3. RELATIVE COMPACTNESS OF THE RANGE 
We recall the following theorem, which has been proved by Kats [9]: 
3.1. THEOREM ([9, Remark 21). Every group-valued s-bounded additive 
set-function has bounded range. 
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Using the above theorem and the fact that every c.a.m. is s-bounded, it 
has been shown [14] that: 
3.2. THEOREM (A generalization of [ 14, Theorem 23). Let G be a 
locally compact topological group; then any G-valued c.a.m. has conditionally 
compaci range. 
In this section we shall obtain a similar theorem for finitely additive set 
functions. 
3.3. THEOREM. Let G be a locally compact topological abelian group, and 
let m: 6I? + G be an f.a.m.. If the range R(m) is bounded, then it is else con- 
ditionally compact. 
Proof. The proof is the same as in [14, Theorem 21. 
3.4. Remark. Let us point out that the boundedness hypothesis we set 
for the range of m in Theorem 3.3 is really weaker than s-boundedness. 
There exist, in fact, examples (see [ 151) of f.a.m.‘s whose range is bounded 
and which do not satisfy the s-boundedness condition. We now construct 
an example of an f.a.m. whose range is unbounded (and therefore not 
satisfying the s-boundedness condition); this set function obviously cannot 
have conditionally compact range. 
3.5. EXAMPLE. Let Q = R and let us denote by ,? the usual Lebesgue 
measure on R. Let g: R + R be a non-continuous solution of the equation 
g(x+Y)=g(x)+g(Y) vx,yER. (17) 
Let us denote by W the Bore1 a-algebra on Q, and define m: B + [w by set- 
ting: 
44 I= g(4A 1). (181 
The set function m is therefore an f.a.m. By Theorems in [2] and in [3], 
the range of m is unbounded. From Theorem 3.1 it follows that m is not s- 
bounded, and its range, being dense in R, cannot be conditionally compact. 
As a consequence of Theorem 3.1 it follows that some Lew’s results 
about c.a.m.‘s with values in a Monte1 space [11] can be obtained in a 
slightly more general context. 
Here we want to extend Lew’s theorem via Theorem 3.3 to the case of 
f.a.m.‘s. 
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3.6. THEOREM. Let V be u EocallWv convex ropological vector spure 
(LCTVS) and let m: ~2 -+ V he a continuous V-valued f.a.m. with bounded 
range, say R(m); then the weak closure I$ R(m) is convex. 
Proof: Let F be the set of all real-valued simple functions on (a, a), F, 
be the set of all characteristic functions in F, and F, be the set of all simple 
functions ,f in F such that 0 <f(x) d 1: then F, is the convex hull of F,, 
joined to the zero function. Let us define a linear function M: F + V by set- 
ting, for f= C:= , aixa,, M(S) =C:=, z,m(A,); then it is clear that 
R(m)=M(F,)cM(F,). Moreover M(F,) is convex because F, is. Let us -- 
now introduce the symbol A, meaning the weak closure of a subset A of V, 
also the usual notation 2, for the strong closure of A. --- - -~- 
Since M(F, ) is strongly closed and convex, we have M(F,) c M(F,). We 
must now prove that every weak neighbourhood of a point in M(F,) con- 
tains some point of M(F,,); then this will imply that M(F,)c M(F,) and 
therefore the assertion is proved. 
Let M(f,) be a point of M(F,); an arbitrary weak neighbourhood of 
M(f,) may be denoted by U= {us V: 1 ui(v)-u,(M(fi)) 1 <E, i= I,..., n} 
for some E > 0 and u I ,..., u, in the topological dual V* of V. 
Setting % = (u, ,..., u,), % maps V into R”, and is a continuous linear m 
mapping: moreover, by the continuity of m, the composition map ui 0 m is a 
real-valued continuous f.a.m. for any i = l,..., n. Hence the map ,U = @ 0 m is 
a continuous f.a.m. with values in R”, and by [IS, Corollary 2.71 its range is 
convex, that is, %(M(F,)) is convex. 
Now, since M(F,) is the convex hull of R(m), and since “2! is a linear 
continuous map, we have @(R(m)) = %(M(F,,)) = %(M(F,)); it follows 
that there exists f0 E FO such %(M(f,)) = @(M(f,)), so that f0 E U. 
As a consequence of Theorems 3.3 and 3.6 we get: 
3.7. COROLLARY. Let m: C% + V be a continuous f.a.m. with values in a 
complete LCTVS with bounded range. Then the weak closure of R(m) is 
compact and convex. 
3.8. Remark. Let us point out that, in view of Kats’ result, the boun- 
dedness hypothesis in Lew’s theorem can be avoided, while it cannot in the 
finitely additive case, as Example 3.5 shows. 
3.9. Remark. As mentioned in the Introduction, when the target of an 
f.a.m. is a topological group, c.a.m.‘s which are extensions of it can be con- 
structed. This kind of construction is often used in studying topological 
properties of the range of an f.a.m. (see, for example, [5, 133). Now we 
briefly explain how to proceed. 
Let m: P(Q) -+ G be an f.a.m. and G a topological group. If G is a metric 
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group, there exists a continuous semivalue, say p, generating the topology 
of G; define the variation of m, FE: q(Q) + rWz by setting 
f%(A) = sup 2 (pom)(E,) 
(E,htB(A) i= 1 
(19) 
where the supremum is taken over the set g(A) of all finite partitions of A. 
It is well known that Ci is an f.a.m. Identifying the a-algebra P(O) with the 
algebra 9 of clopen sets in the Stone space of P(Q), ti becomes a 
premeasure on g; therefore it can be extended to a c.a.m. say &, on gC 
(where by 4 we denote the a-algebra generated by 9). By similar 
arguments to those used in [S], it is not hard to show that there exists a 
c.a.m. fi: g0 + G such that the restriction 6 1 g = m and Kr admits h as its 
variation. 
A more general procedure is the following. 
Let m: Y(Q) -+ G be an f.a.m. and G a topological group, and let us sup- 
pose the following hypothesis to be satisfied by m: 
For any monotone sequence in P(Q), (E,),, there exists 
in G the limit lim m(E,). (20) n-m 
In [19] and [20] Sion proved that m, considered as a G-valued 
premeasure on 9, can be extended, as a c.a.m. on %a (let us point out that 
the assumption of completeness of the group is unnecessary. In fact, every 
topological group can be imbedded in a “completion”; see [16, p. 1001). 
Sion’s extension procedure is really more general than the Stone-type one, 
in the sense that when the group is metric the two procedures generate the 
same extension-measure, while there exist examples of f.a.m.‘s which can be 
extended only in the Sion’s sense. 
3.10. THEOREM. Let m: P(Q) -+ G be an f.a.m., G a locally compact 
topological group; suppose m satisfies the condition (20). Then R(m) is con- 
ditionally compact. 
Proof Denote by G the completion of G. By condition (20), there exists 
a countably additive extension, say #r: $ + G of m. Such an extension, 
being a c.a.m., has bounded range, via Theorem 3.1. By the inclusion 
R(m) E R(G), R(m) is bounded, and therefore by Theorem 3.3, R(m) is 
conditionally compact (relatively compact if G is complete). 
Theorem 3.7 is less general than Theorem 3.3. In fact, while every f.a.m., 
which can be extended in the Sion’s sense, has bounded range, there exist 
f.a.m.‘s with bounded range which cannot be extended via a Sion-type 
process. Now we give an example of an f.a.m. with bounded range, and 
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which does not satisfy the hypothesis (20) (and which, therefore, cannot be 
extended in Sion’s way). 
3.11. EXAMPLE. In [ 151 an example of a co-valued f.a.m. which is not s- 
bounded is given. The present example is a rearrangement of that one. Let 
52 = [0, I] and B the Bore1 o-algebra on Q, and let us consider the 
sequence of real functions 
F,,(x) = 2nx if O<X< l/2” 
= 2 - 2n.x if 1/2”<x< l/2”-’ (J-1) 
=o if 1/2”P’6~6 1. 
Let us define m,([a, b])=F,,(b)-FJa), and let us consider the f.a.m. 
m: g + c0 defined by setting m(A) = (m,(A)),, N. m is therefore an f.a.m. 
ranging over c0 whose range is bounded (in fact ilm(A )[I r,O 6 1); nevertheless 
the decreasing set-sequence A,, = [0, l/2”] is such that m(A,) does not have 
limit in cO. 
4. CONTINUOUS TOPOLOGICAL GROUP-VALUED 
FINITELY ADDITIVE MEASURE 
It is well known that in the study of f.a.m.‘s we need to replace non- 
atomicity by the stronger hypothesis of continuiuty. Indeed, while in the 
case of c.a.m.‘s these two conditions are equivalent [17], examples of 
scalar-valued f.a.m.‘s which are neither nonatomic nor continuous have 
been given [ 1, 131. For scalar-valued f.a.m.‘s m: 6E + rW,t we meet in the 
literature several versions of the definition of continuity. 
For example, in [ 1 S] an f.a.m. m: Cl + R 0’ defined on a o-algebra of sub- 
sets of a set 52 is said to be continuous if, for any E > 0, there exists a finite 
partition of D into pairwise disjoint sets A,, i= I,..., n, Aj~ 6Z such that 
m(A ;) < E for i = l,..., n. 
In [4] an f.a.m. m: a -+ OX,+ is called continuous if for any A E a, there 
exists A ,,z E a with A l,2 G A and such that m(A,,,) = +m(A). 
In the literature this kind of set function is often called semiconvex. 
When the range is bounded, these two definitions are equivalent. On the 
other hand, if m is a sub-measure, the equivalence fails, and semiconvexity 
is in this case more useful than continuity in the [18]-sense. 
Now, let m: 6E -+ G be an f.a.m. ranging over a topological Hausdorff 
group; we shall extend to this kind of set function the continuity definitions 
given in Cl83 and [IS]. 
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4.1. DEFINITION. An f.a.m. m: a -+ G ranging over a topological 
Hausdorff group is said to be continuous if for any neighbourhood U of the 
neutral element e, there exists a partition of D into a finite number of 
pairwise disjoint sets, say A I ,..., A,, such that m(A,n 6X) c U for i= l,..., n. 
In the case of an abelian group, since it can be regarded as a module of 
Z, a sort of semiconvexity can also be defined. Nevertheless, we can define 
semiconvexity more generally with respect to any group operation. 
4.2. DEFINITION. Let (G, 0, r) be a topological commutative 
Hausdorff group, and let us define an f.a.m. m: a + G to be a set function 
such that finite unions of pairwise disjoint sets preserve group operation, 
and mapping the empty set into the neutral element e. Then m is called 
semiconvex if for any A E 6X there exists B c A, BE 6X such that 
m(B) @ m(B) = m(A). 
As mentioned above, these two definitions fail to be equivalent in 
general, as is displayed in the following two examples. 
4.3. EXAMPLE. Let T be the unitary thorus, and let f: R + T be defined 
by f(x) =e’“. It is known that T is a commutative multiplicative 
topological Hausdorff compact group. Let Q, S?, m be as in Example 3.5 
and let us define m’: g + T by setting 
m’(A 1 =f(m(A 1) VAELZ#. (22) 
Then m’ is an f.a.m., and it is semiconvex but it is not continuous. In fact, 
for any U E Y( 1) (here Y(x) denotes the collection of neighbourhoods at 
x), a partition of Q into a finite number of pairwise disjoint sets, 
D = {A, ,..., A,} should exist such that m’(Ajn g) c U, j = l,..., n; therefore, 
for at least 0nejE {l,..., n} it must be m’(Aj) # 1, i.e., g(A(A,)) #O, 27c ,... and 
therefore L(Aj) # 0. Via a well-known result concerning the range of a non- 
atomic c.a.m., as J. is [8], we get 
A(Ain&9) = [0, /I(A (23) 
By [2] and [3] it follows that g([O, A(A is dense in R, and therefore, 
by continuity off, m’(Aj n g) is dense in T, hence is not contained in U. 
Nevertheless the f.a.m. m’ inherits semiconvexity from 1. In fact, let A E 98 
be arbitrarily fixed; then there exists BE C#, BG A such that A(B) = in(A), 
i.e., 21(B) = l(A). By additivity of g we get g(2x) = 2g(x) and therefore 
2g(A(B))=g(21(B))=g(L(A)). Hence 
eig(4B))eiz(l(B)) = e2id4B)) = e%(WB)) = eig(j.(A)) (24) 
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4.4. EXAMPLE. Examples of additive set-functions with values in a 
topological group, which are continuous and which are not semiconvex, 
are known in the literature, even in the countably additive case (see, for 
example, [22] ). 
5. ON RANGE ARCWISE CONNECTEDNESS 
In this section we extend a theorem due to Costantinescu [6], concern- 
ing arcwise connectedness of the range of a non-atomic c.a.m., to the case 
of f.a.m.‘s. The extension is given both for continuous and semiconvex 
f.a.m.‘s. 
5.1. PROPOSITION. Let m: I% + G be a continuous C.C.C. f.a.m. with values 
in a commutative topological Hausdorff group. Let R(m) be bounded, and let 
p be a continuous semi-value on G; denote by u the canonical map 
u: G + GJp ~ ‘(0). Then u 0 m: C% + G/p ~ ‘(0) is a continuous C.C.C. f.a.m. 
Proof. As is well known, p ‘(0) is a closed subgroup of G, and 
G/p-‘(O) is a Hausdorff topologial commutative group; moreover, uom is 
an f.a.m. It is also clear that uo m inherits the C.C.C. from m, by non-injec- 
tivity of u, and it inherits continuity from m: in fact, let U be a 
neighbourhood at 0 in G/p- ‘(0). By definition of quotient topology, U 
contains u(V) for some VE 9(O) in the topology of G. By m-continuity, a 
partition of Q into a finite number of pairwise disjoint sets exists, 
corresponding to V, say D= (A ,,..., A,), such that m(A,nrX) c V i.e., 
uOm(AjnrX))cu(V)cU; i=l,...,n. 
5.2. PROPOSITION. Let G, m, p be as in Proposition 5.1. Then for any 
A E 6Z an increasing map B: [0, 1 ] + a exists such that B(0) = @, B( 1) = A 
and m 0 B is continuous with respect to the group topology generated by p 
over G. 
Proof As can be easily seen, countable additivity does not play any 
real role in the proof of Proposition 2 of [6]. It suffices to replace 
Proposition 1 of [6] by our Proposition 5.1 above, and the proof follows 
by the same argument. 
5.3. THEOREM. Let G, m be as in Proposition 5.1, and let us suppose that 
m satisfies the following condition: for any A E 6X the set m(A n a) is com- 
pact (resp. relatively compact). Then R(m) (resp. the closure of’ the range 
R(m)) is connected. 
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Proof. Let us denote, for any fixed A ~a, by 0!’ the o-algebra 
6E’ = A n 6X. From Proposition 5.2, for any continuous semivalue p over G, 
there exists a map J [0, 11 -+ m(M’) which is continuous with respect to 
the topology generated by p over m(ol’) and which is such that f(0) = 0 
and f( 1) = m(A). Therefore m(A) belongs to the connected component of 
zero in R(m) (resp. in R(m)). Since A is arbitrarily fixed, it follows that 
R(m) (resp. R(m)) is connected. 
5.4. THEOREM. Let a be a o-algebra over an arbitrary set Cl, G an 
abelian topological complete group which has no second order cyclic 
elements, and let m: a-+ G be a semiconvex s-bounded f,a.m. Then, if for 
each A EC% m(AnCl) is closed, R(m) is arcwise connected. 
Proof The hypothesis that G has no second order cyclic elements 
implies that for any aE G at most one bE G exists such that b+ b=a. 
Whenever such b exists we shall write b = a/2. Again, if c E G exists such 
that c + c = b we shall write c = a/4 and so on; moreover, if p is any dyadic 
number, say p = k/2”, we shall denote by px, x E G, any element y E G (if it 
exists) such that 2”y = kx. 
We shall divide our proof into five steps. 
Step 1. Let A E ol be fixed; we shall prove that for any dyadic number 
PIE [0, l] a set Ape Ana exists such that m(A,) =pm(A). In fact, because 
of the semiconvexity of m, for any n E N there exists a partition 
D = (Ai,..., A,.) of Q into 2” sets such that m(Aj) = m(A)/2” and such that 
the (n + 1)th partition elements are obtained by halving the elements of the 
nth one. 
Then it is clear that, for any dyadic number p = k/2” we obtain: 
m(A, u . . . u Ak) = km(A)/2”. Let us remark that (k/2”) m(A) = (km(A))/2”: 
in fact, put x = km(A)/2” and put y = m(A)/2”. Then 2”~ = km(A) and 
2”y=m(A), i.e., 2”ky=2”km(A)=2”x and thus ky=x because of non- 
existence of cyclic elements in G. Moreover, it is easy to show that, if we 
have two different representations of the same dyadic number, say p and q, 
for any x E G we have px = qx, and therefore m(A,) = m(A,). 
Step 2. We shall say that an element x E G is infinitely divisible when 
for any n E N, x/2” exists. By our hypothesis, each x E R(m) is infinitely 
divisible. Now we prove that lim, _ m x/2” = 0 for any x E R(m). 
Indeed, if x E R(m), put x = m(A), and for any n E N a set A, exists such 
that 
m( A,) = x/2*, AncAn-, VnEN. (25) 
Thus m(A,-,)-m(A,)=x/2”, because A, is “one half’ of A,-1, and 
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the elements of the sequence (B,), = (A, , -A,) are disjoint, so that, 
by the s-boundedness hypothesis, we obtain lim,, r‘ m(B,) = 0, i.e., 
lim, _ a, x/2” = 0. 
Step 3. We now show that, by s-boundedness of m, G being complete, 
the Sion condition (20) is satisfied by m, that is, for any monotone 
sequence (A,),, in 6Z the sequence (m(A,,)), has limit in G. 
Let (A,), be a monotone sequence in 6X, say an increasing one. Ab 
absurdo, suppose m(A,) is not Cauchy in G. Then a neighbourhood of the 
neutral element 0 E G exists, say U, such that, for any n E N, there exist 
p, q > n (suppose q >p) such that 
m(A,) -MA,) 4 U. (26) 
Then, define n, = 1; by our hypotheses, q, > p1 > n, exist such that 
m(A,,)-m(A,,)$ U. Set B, =AY, - A,,, and set n, = q, + 1. Then 
q2>p2 >n2 exist such that m(A,,)-m(A,J$ U. Let B, =AY2--APZ and 
observe that pz > q, implies that B, n B, = a. 
In this way we construct a sequence of pairwise disjoint sets (B,), such 
that m(B,) $ U for each n, which contradicts the s-boundedness hypothesis. 
Step 4. Now let t E 10, l[; let us define h,,(t) = [t2”] (where a real 
number in square brackets means the entire part of the number) and let 
p,(t) = h,(t)/2”, q,!(t) = (h,(t) + 1)/2”. Then p,(t) r t and qJt) 1 t. Moreover 
A P.(O = A,n(d and m(Aqncr, - Apncll ) =m(A,nc,,P,,nt,,): in fact, m being an 
f,a.m., 
m(A,n,o - Am ) = m(4& - m(APnctJ 
and therefore it is enough to prove that 
m(AY2” = (q,lf) -p,(t)) m(A) = qJt) m(A) -p,(t) m(A). 
(27) 
(28) 
To prove (28) set y=m(A)/2” and x=qJt) m(A)-p,(t) m(A): then 
x = (h,(t) + 1) y - h,(t) y and therefore, by Z-module properties, 
x = (h,(t) + 1 - h,( 2)) y = y. 
So, from Step 2, we deduce that 
lim m(Aqac,, - APnctb )= lim m(A)/2”=0. (29) n-m n + x, 
Furthermore, the sequences (Ayncrj),,, (Ap,(,j)n being monotone, from Step 3 
we deduce that lim, j ~ m(A,“c,,) and lim, _ x m(A,“(,,) exist, and by (29) 
we get 
lim p,(t) m(A) = lim qn( t) m(A). 
n-m n - X~ (30) 
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Denote by tm(A) this limit, and by A, the set of A n6X such that 
m(A,) = m(A). 
Step 5. Now, let us show that, for any point x E R(m), a continuous arc 
exists, joining x to 0. 
Let cp: [0, l] + R(m) be the map defined by setting 
q(t) = m(A). (31) 
Obviously q(O) = 0 and cp( 1) = m(A). 
Let t,, E [0, l] be fixed, and let us prove that cp is continuous at t,. In 
fact, ab absurdo, if cp is not continuous at t,, a neighbourhood UE 9(O) 
and a monotone (say a decreasing monotone; the same is true for an 
increasing one) sequence (t,),, t, 1 t, exists such that 
L-trPM) - wN~)I $ u VrlEN. (32) 
Now let VE Y(O) be such that (V+ V+ V+ V) c U; then, corresponding 
to t, , two dyadic rational numbers exist, say q, and yl, such that to < r, < 
q1 < t, and [m(A,,)- tim( E V, [m(Al,)- tom(A)] E V. By (32) it 
follows that m(A,, - A,,) $ (V+ I’). Define n, = 1. 
Now there exists a natural number, say n2, such that t, c t,, < rl, and in 
a way similar to that above, two dyadic numbers exist, q2 and r2, such that 
to < r2 < 92 < fn2 and C&AJ- t,,NA)l E K Cm@,) - tom(A)1 E V, but, 
by (32), m(Aq2 - A,,) # (V+ V). In this way we can find two sequences (qn)n 
and (r,), of dyadic numbers such that (Aqk - A,,) is a sequence of pairwise 
disjoint sets in a, and such that m(AYk-Ark) does not converge to 0, and 
this contradicts the s-boundedness hypothesis. 
Finally, as can be easily proved, for any choice of different elements in 
R(m), say m(A) and m(B), there exists a continuous arc (passing through 
the zero-element of G) joining them, and this concludes the proof. 
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